The tremendous progress in high-intensity laser technology and the establishment of dedicated high-field laboratories in recent years have paved the way towards a first observation of quantum vacuum nonlinearities at the high-intensity frontier. We advocate a particularly prospective scenario, where three synchronized high-intensity laser pulses are brought into collision, giving rise to signal photons, whose frequency and propagation direction differ from the driving laser pulses, thus providing various means to achieve an excellent signal to background separation. Based on the theoretical concept of vacuum emission, we employ an efficient numerical algorithm which allows us to model the collision of focused high-intensity laser pulses in unprecedented detail. We provide accurate predictions for the numbers of signal photons accessible in experiment. Our study is the first to predict the precise angular spread of the signal photons, and paves the way for a first verification of quantum vacuum nonlinearity in a well-controlled laboratory experiment at one of the many high-intensity laser facilities currently coming online. Introduction The quantum vacuum is characterized by the omnipresence of fluctuations of the underlying theory's particle degrees of freedom -in quantum electrodynamics (QED): electrons/positrons and photons. As electromagnetic fields couple to charges, the fluctuations of virtual charged particles can mediate effective interactions among electromagnetic fields [1-3], thereby invalidating one of the cornerstones of Maxwell's classical theory of electrodynamics, namely the celebrated superposition principle for electromagnetic fields in vacuum. However, having no classical analogue, such vacuum nonlinearities are typically rather elusive in experiment; cf. the extremely small cross section for direct light-by-light scattering [1, 4] mediated by an electronpositron loop. Nevertheless, these early studies of photon scattering, most notably the Heisenberg-Euler effective action [2, 3, 5] , have formed a backbone of the evolution of modern quantum field theory.
Introduction The quantum vacuum is characterized by the omnipresence of fluctuations of the underlying theory's particle degrees of freedom -in quantum electrodynamics (QED): electrons/positrons and photons. As electromagnetic fields couple to charges, the fluctuations of virtual charged particles can mediate effective interactions among electromagnetic fields [1] [2] [3] , thereby invalidating one of the cornerstones of Maxwell's classical theory of electrodynamics, namely the celebrated superposition principle for electromagnetic fields in vacuum. However, having no classical analogue, such vacuum nonlinearities are typically rather elusive in experiment; cf. the extremely small cross section for direct light-by-light scattering [1, 4] mediated by an electronpositron loop. Nevertheless, these early studies of photon scattering, most notably the Heisenberg-Euler effective action [2, 3, 5] , have formed a backbone of the evolution of modern quantum field theory.
The worldwide efforts in establishing dedicated laser facilities at the high-intensity frontier coming online just now, such as CILEX [6] , CoReLS [7] , ELI [8] and SG-II [9] suggest a particularly promising route towards the first verification of QED vacuum nonlinearities in a laboratory experiment with macroscopically controllable electromagnetic fields. These activities have stimulated numerous theoretical proposals, where the strong macroscopic electromagnetic fields of focused high-intensity laser pulses are employed to trigger interaction processes which have no analogue in classical electrodynamics; see the reviews [10] [11] [12] [13] [14] [15] [16] [17] [18] and references therein. Aiming at performing such a discovery experiment with state-ofthe-art technology, all-optical signatures of vacuum nonlinearity seem most promising. This class of signatures encompasses fluctuation mediated interaction processes, where both the microscopic origin of the electromagnetic fields driving the effect and the signal itself are photons.
A prominent optical signature of QED vacuum nonlinearity is vacuum birefringence [19] [20] [21] [22] , predicted to be experienced by probe photons traversing a strong-field region. While already actively being searched for in experiments using macroscopic magnetic fields in combination with continuous-wave lasers and high-finesse cavities [23] [24] [25] , various recent theoretical studies have emphasized the possibility of its verification in an all-optical experiment, colliding an X-ray [26] [27] [28] [29] [30] [31] or gamma-ray probe [32] [33] [34] [35] [36] with a high-intensity laser pulse. Other theoretical proposals have focused, e.g., on vacuum nonlinearity induced photon scattering phenomena in laser pulse collisions [37] [38] [39] [40] [41] , interference effects [42] [43] [44] , laser mode self-mixing [45] , quantum reflection [46] , higher-harmonic generation in an electromagnetized vacuum [47] [48] [49] [50] [51] [52] [53] [54] , photon splitting [21, 22, [55] [56] [57] [58] [59] [60] [61] and photon merging [62] [63] [64] [65] .
Our work builds on the recent observation that optical signatures of quantum vacuum nonlinearities in inhomogeneous electromagnetic fields can be efficiently analyzed by reformulating them as vacuum emission processes [66] . In this picture, signatures of vacuum nonlinearities are encoded in signal photons induced in the interaction volume of the high-intensity laser pulses driving the effect. The latter are formally described as classical background fields, which is well-justified, because laser beams propagating in vacuum are optimal examples for coherent macroscopic fields.
Upon combination with an efficient numerical algorithm, our approach facilitates quantitative theoretical studies for a wide variety of experimentally realistic field configurations at unprecedented accuracy [41] . In this letter, we investigate photon-photon scattering in the collision of three synchronized high-intensity laser pulses modeled as pulsed paraxial Gaussian beams. For an ex-perimental upper bound, cf. Ref. [67] . More specifically, we focus on two different experimental scenarios, both of which will become possible in the near future at various high-intensity facilities. Our approach is based on a locally-constant-field approximation of the HeisenbergEuler effective Lagrangian. In contrast to previous studies, our formalism does not require any additional ad hoc approximations: upon specification of the macroscopic electromagnetic fields of the high-intensity laser beams, the signal photons and their polarization and propagation properties are unambiguously predicted.
Formalism Far outside the interaction volume, the differential number of signal photons of polarization p arising from the effective interaction of macroscopic electromagnetic fields in the quantum vacuum can be compactly represented as [66] 
where S (p) ( k) is the zero-to-single signal photon transition amplitude, induced by the effective coupling of the laser fields via vacuum fluctuations. For a polarizationinsensitive measurement, the polarization-summed differential number of signal photons is d
. For locally constant fields, i.e., fields varying on scales much larger than the Compton wavelength of the electron λ C ≈ 3.86 · 10 −13 m, it suffices to describe the nonlinear interactions of the strong fields in terms of the Heisenberg-Euler effective Lagrangian L HE [2, 3, 5] . Then, we obtain
with k 0 ≡ | k|, using the conventions detailed in Ref. [41] .
In spherical coordinates k = kˆ e k , the propagation directions of the signal photons can be expressed aŝ e k = (cos ϕ sin ϑ, sin ϕ sin ϑ, cos ϑ), and the unit vectors perpendicular toˆ e k asˆ e β = sin βˆ e k | ϑ= Using these definitions, at one loop and leading order in 
where
. We emphasize that Eq. (3) is very generic, and allows for the polarization sensitive study of signal photon emission from essentially all macroscopic electromagnetic field configurations available in the laboratory. Its evaluation is conceptually remarkably simple and calculationally straightforward. In comparison, established approaches are typically based on a direct solution of the nonlinear wave equation, thereby necessitating the numerical solution of partial differential equations [40, 53, 54, 68, 69] . By contrast, our approach requires only an accurate implementation of fast Fourier transforms, and is thus easyto-use. The advantages of our formalism are particularly pronounced when aiming at quantitatively precise results in full 3+1 dimensional spacetime.
For a study of QED vacuum nonlinearity with highintensity laser beams, the electric and magnetic fields entering Eq. (3) are given by
, where the sums are over the number of laser beams b driving the effect. In this letter, we consider a three-beam scenario with b ∈ {1, 2, 3}.
Beam modeling As a decisive new step, we compute the scattering for a realistic beam description. While our method can be applied to any form of the beams, we consider -for definiteness -the high-intensity laser fields to be well-described as linearly polarized paraxial Gaussian beams supplemented by a finite Gaussian pulse duration [70, 71] . A given laser beam is thus fully characterized by its propagation directionˆ e κ b , its field amplitude profile E b (x), and its polarization unit vectorˆ e E b , fulfillingˆ e E b ·ˆ e κ b = 0. At leading paraxial order, the electric and magnetic fields of each beam are given by
Assuming each beam to be focused at x = x 0,b and the temporal pulse amplitude profile to reach its maximum for t = t 0,b , we define relative coordinates
While z b is a longitudinal coordinate along the beam axis, r b corresponds to a radial coordinate relative to the beam axis, such that each field profile reads
with phase
Here, E 0,b is the peak field strength, ω b = is the Gouy phase shift, and ϕ 0,b a constant phase. The radial divergence of a given beam is θ b ≃ w 0,b /z R,b .
The peak field strength E 0,b is fully determined by the laser energy per pulse W b , the pulse duration τ b and the focus cross section ∼ πw 2 0,b [72] :
The minimum value of w 0 attainable in experiment depends on the focal length and the diameter of the focusing aperture, whose ratio defines the f -number f # ,
f -numbers as low as f # = 1 can be realized experimentally [70] . This we assume for all three laser beams,
• . A given laser beam is therefore fully parameterized by its propagation and polarization directions and the set {W b , τ b , ω b }.
Results In general, the Fourier integral in Eq. (3) cannot be performed analytically. Hence, we employ the novel numerical algorithm devised in Ref. [41] to carry out the Fourier integral, and upon taking the modulus squared of S (p) ( k), to evaluate the integrations over the signal-photon energies k, and solid angle elements under consideration.
The number density of signal photons emitted in the direction (ϕ, ϑ) follows straightforwardly from Eq. (1) by integrating over the signal photon energy k, and reads
Note, that ρ(ϕ, ϑ) is independent of the polarization base β 0 . The corresponding total number of signal photons emitted into the full solid angle interval is given by
For the scenarios considered in this letter, the energy spectrum of the signal photons can reliably be inferred from plane-wave predictions (cf. the detailed discussion below), exhibiting a structure dictated by energy conservation. The extraction and analysis of spectral and polarization informations is, however, straightforward in our approach; cf., e.g., Ref. [29] for an example.
For realistic estimates of signal photons N , we consider a high-field laboratory operating two equal high-intensity lasers, such as ELI-NP [8], which -for a conservative estimate -we assume to be of the one petawatt (1 PW) class, delivering pulses of energy W = 25 J and duration τ = 25 fs at a frequency of ω = 1.55 eV (wavelength λ = 800 nm). As the laser energies enter our calculations only in terms of an overall factor, cf. Eq. (6), our results can be straightforwardly rescaled to other laser energies. For a three-beam experiment, one of the two laser beams is split into two, which is possible without significant loss, implying that {W, τ, ω} → {W/2, τ, ω} + {W/2, τ, ω}. As an additional handle for an efficient signal-to-background separation, we suggest frequency doubling to induce signal photons of distinct frequencies not present in the spectra of the high-intensity laser pulses. We conservatively estimate the energy loss for the conversion process preserving the pulse duration as P = 50% [73] , such that {W, τ, ω} → {W/2, τ, 2ω}. In general, the signal photon number N scales as (1 − P) n , where n is the number of frequency-doubled beams employed. For concreteness, we consider two different collision geometries, both of which were proposed by Ref. [38] within a plane-wave approach. From here on, we assume perfect synchronization and overlap, t 0,b = 0 and x 0,b = 0, generalizations to finite t 0,b and x 0,b are straightforward within our approach, cf. [31, 41] . For instance, spatial displacements on the order of the beam waist size have been found to deplete the signal photon numbers from two pulse collisions by a quantifiable O(1) factor [41] .
In scenario (i), the three beams collide perpendicularly, such thatˆ e κ1 =ˆ e z ,ˆ e κ2 =ˆ e x andˆ e κ3 =ˆ e y , where {ˆ e x ,ˆ e y ,ˆ e z } span the spatial coordinate system. Following Ref. [38] , we focus on the scenario where two frequency-doubled beams collide with a fundamentalfrequency beam, and the polarization vectors of the beams areˆ e E1 =ˆ e y ,ˆ e E2 =ˆ e z andˆ e E3 =ˆ e x . The characteristics of the signal photons attainable in this set-up are summarized in Table I ; for an illustration of the collision geometry, see We obtain N ≈ 2.42 signal photons per shot for the scenario based on the availability of two 1 PW lasers. For the design parameters of ELI-NP [8] envisaging two 10 PW lasers, this number would even increase by a factor of 1000. As the dominant scattering process is characterized by the absorption of two frequency-doubled laser photons and the emission of one low-energy fundamental-frequency laser photon, the signal photons exhibit a distinct frequency ω * ≈ 3ω, different from the frequencies ω 1 = ω and ω {2,3} = 2ω of the high-intensity lasers. Moreover, they are emitted into a specific direction outside the forward cones of the laser beams driving the effect. Both properties should allow for an excellent signal to background separation in experiment.
For the present case, the main emission frequencies and directions can be inferred remarkably precisely from simplistic plane-wave-type considerations which characterize each beam by just two parameters: its frequency ω b and its wave-vector κ b = ω bˆ e κ b . Deviations from the plane-wave case occur, e.g., because of the finite pulse duration τ b .
For the pulse duration of τ b = 25 fs adopted here and a beam of frequency ω b = nω, we expect corrections to be parametrically suppressed with 1/τ b ω b ≈ 1/(58.5n) ≪ 1. The Fourier transform of the beam's temporal profile in the focus reveals its energy spectrum Ω, dt e iΩt e −4(t/τ b )
spectrum is strongly peaked at the plane-wave frequencies Ω = ±ω b . The plane-wave-model selection rules for the signal photon energy can hence be expected to hold to a very good accuracy for the present case; in turn, significant deviations may occur for shorter pulses. On the other hand, for beams focused down to the diffraction limit as assumed here, the beam waist is as small as the laser wavelength, w 0,b = λ b . This suggests that the strict three-momentum conservation involving photon wavevectors only, as predicted by a plane-wave model, can be modified quite substantially by corrections depending on the additional scale w 0,b . However, in combination with the photon on-shell condition, | κ b | = ω b , also these potential corrections may not deviate too severely from a plane-wave model. Under these conditions, the predicted integrated numbers of signal photons should be compatible with plane-wave estimates.
We quantify these considerations by comparing the above result with the estimate provided by Ref. [38] , based on a simplified modeling of the colliding laser beams as plane waves and indirectly accounting for finite beam width and focusing effects: Employing the design parameters of the Astra Gemini laser system [74] , and assuming all lasers to be focused down to the wavelength of the fundamental frequency laser, Ref. [38] estimated the number of signal photons per shot as 0.07. Using the same parameters, but employing a realistic modeling of the high-intensity laser fields as pulsed Gaussian beams, we find a 70% increase: N ≈ 0.12. We observe that the signal photon number can be further enhanced by a factor of almost 2 by focusing all three beams down to the diffraction limit with f # = 1 yielding N ≈ 0.23. The reason for the quantitative difference between our first-principles description and the plane-wave model can be understood: Plane waves are infinitely extended, and thus not confined to any prescribed space-time volume. TABLE I. Exemplary results for a three dimensional collision geometry. The incident high-intensity laser beams b (polarization vectorˆ eE b ) propagate in directionˆ eκ b . They are characterized by their pulse duration τ b , energy W b and frequency ω b (ω = 1.55 eV). We assume τ b = 25 fs for all beams. The signal photons exhibit a distinct energy ω * and are emitted in the direction (ϕ * , ϑ * ) with a radial divergence of θ * . N is the number of signal photons per shot. In turn, a modeling of the scattering process of focused high-intensity laser pulses with plane waves generically relies on several decisive ad hoc assumptions, e.g., that the plane waves are only interacting for a certain time interval, and all their photons are contained within a given transverse extent. For instance, Ref.
Beam parameters
[38] models the interaction region as a cube. The field strength of the combined fields in the interaction region is then obtained by assuming the lasers' energy to be concentrated in this cube. As a consequence, the lasers' combined field strength is effectively smeared out over the interaction volume, resulting in an effective field strength somewhat below the actual peak field strength. However, the number of attainable signal photons depends decisively on the peak field strength of the superimposed high-intensity laser fields in the interaction region; c.f., e.g., Ref. [41] . Higher peak fields result in larger signal photon yields.
Plane-wave models of focused high-intensity pulses inevitably involve such averaging procedures, and thus tend to predict lower signal photon numbers. The improvement from an adequate spatiotemporal treatment of the laser pulse properties for accurate predictions becomes most obvious from the following fact: the relaxation of the strict three-momentum conservation condition mentioned above gives rise to a finite divergence θ * of the signal photons about the dominant emission direction which cannot be inferred from a plane-wave model. This observable can straightforwardly be computed from our method in a fully angle resolved manner. Quantitative results are given in Tab. I and Fig. 2 .
In the second scenario, (ii), the beam axes of the lasers are confined to the x-z plane. All beams are polarized perpendicular to the collision plane, i.e.,ˆ e E b =ˆ e y for TABLE II. Signal photon yield N for various collision geometries. The beam axes of the three lasers (energy W b , frequency ω b , pulse duration τ1 = τ2 = τ3 = 25 fs) driving the effect are confined to the x-z plane, and are polarized along y, i.e., eE b =ˆ ey for all beams. The laser frequencies ω b are given in multiples of ω = 1.55 eV. The signs indicate the dominant signal photon emission channel, where +(−) stands for absorbed (released) laser photons in the microscopic interaction process. Correspondingly, the dominant signal photon emission frequency can be inferred as ω * = 3 b=1 ω b . The angle ϑ2 (ϑ3) measures the inclination of the 2nd (3rd) beam with respect to the first. b ∈ {1, 2, 3}. Without loss of generality we assume the first laser to propagate along the z axis,ˆ e κ1 =ˆ e z , and parameterize the beam axes of the other lasers asˆ e κ b = sin ϑ bˆ e x +cos ϑ bˆ e z . The angle ϑ b measures the inclination of beam b ∈ {2, 3} relative to the first. Configurations of this type have originally been studied in Refs. [38, 65] , based on a simplified description treating all [38] , or all but one [65] high-intensity laser beams as plane waves. In the present letter we go a significant step beyond: Based on the well-controlled approximations given above, we provide quantitative predictions of the numbers of signal photons attainable in a realistic experiment from first principles for the first time. Table II summarizes the maximum attainable numbers of signal photons N per shot for various choices of the beam frequencies ω b , together with the corresponding pulse energies W b , keeping the pulse durations τ b = 25 fs fixed for all beams. To arrive at these results, for given laser parameters the angles ϑ 2 and ϑ 3 are adjusted such that the value of N becomes maximal. Note, that both scenarios (i) and (ii) yield comparable numbers of signal photons. Particularly, for the same laser parameters (cf. Tab. I and last line of Tab. II), we obtain N ≈ 2.42 and N ≈ 3.03 for scenario (i) and (ii), respectively. We emphasize once again that an upscaling of the available laser intensity to 10 PW class lasers would increase the signal photon yield by a factor of 1000.
A measurement of this fundamental phenomenon will clearly be challenging, because of the large photon background of the incoming beams. Still, our scenario offers a substantial set of lever arms that facilitate an unambiguous identification of the signal photons: (a) the source of the signal photons is precisely localized in spacetime, (b) the directional signal photon emission characteristics can be arranged to lie far outside the forward cones of the high-intensity beams delimited by θ n , see Fig. 2 , (c) the distinct signal frequency of ω * ≈ 3ω outside the frequencies of the driving laser beams ω b ∈ {ω, 2ω} facilitates strong background suppression by frequency filtering, (d) the background can be studied in detail in advance for each beam as well as for mutual two-beam collisions, (e) for suitable polarization configurations, the signal polarization can allow for further polarization filtering, (f) the predicted signal beam divergence can help optimizing the detector design.
FIG. 2. Directional emission characteristics of signal photons
for the scenario featured in the last line of Table II using the Mollweide projection. The signal photons of energy ω * ≈ 3ω = 4.65 eV are emitted predominantly in directions outside the forward cones of the high-intensity lasers, delimited by θ b ≈ 18.24
• and depicted as light (dark) gray circles for the beams of frequency 2ω (ω). The dominant emission direction lies in the collision plane and is marked by a cross. The signal falls off asymmetrically: Its radial divergence is wellapproximated by an ellipsis (black) with minor and major radial divergences θ minor * ≈ 11.1
• and θ major * ≈ 28.7
• in and perpendicular to the collision plane, respectively.
Conclusions In this letter, we have studied the collision of three realistically modeled laser pulses in vacuo in unprecedented detail. More specifically, we have modeled the high-intensity laser fields as experimentally realistic pulsed Gaussian beams, thereby significantly advancing beyond previous studies. Our results substantiate previous estimates suggesting the possibility of measuring signatures of QED vacuum nonlinearity with state-of-the-art technology. The predictive power of our method arises from reformulating the effective, fluctuation-mediated interaction process as a vacuum emission process, giving rise to signal photons with characteristic kinematic properties encoding the signature of quantum vacuum nonlinearity. Upon combination with an efficient numerical algorithm, this approach facilitates quantitatively accurate predictions of the numbers of attainable signal photons and their kinematic characteristics in experiment. Our results suggest that a first discovery experiment of nonlinear interactions of macroscopically controllable electromagnetic fields is in reach with
